Introduction and Preliminaries {#Sec1}
==============================

Traditional linear regression is one of the most frequently applied technique for finding functional relationships between predictor and response variables, and for making predictions. However, decision problems arising in ever-changing environments are difficult to describe or formulate with precise terms. Expert knowledge then gains a special value, and the need for its introduction into classical decision-making techniques has motivated the appearance and development of several mathematical theories dealing with uncertainty and vagueness. Among those theories, Fuzzy Sets Theory \[[@CR31]\] has succeeded in numerous practical situations and is now an established research field.

Fuzzy linear regression is a natural extension of the classical regression analysis and allows to predict the future behaviour of systems whose structure is not well defined and/or is influenced by subjectivity. It is particularly useful to forecast, e.g., future demands, resource availability and prices that could then be used to set up fuzzy optimisation problems in areas such as production, transportation, project management and so forth. Fuzzy linear regression has been used to forecast airport demand \[[@CR21]\], oil consumption \[[@CR1]\], house prices \[[@CR32]\], sales \[[@CR5]\] and short-term load in power distribution systems \[[@CR24]\]. Several other applications are reported in \[[@CR6]\].

Numerous fuzzy linear regression models and methods have been developed since the 1980s. Tanaka et al. \[[@CR25]\] introduced fuzzy linear regression analysis and formulated a regression problem with crisp predictor variables, fuzzy response variable and fuzzy coefficients as a conventional linear programming problem. A modified version of Tanaka et al.'s \[[@CR25]\] fuzzy linear regression method allowing negative spreads in the parameters was proposed in \[[@CR3]\]. Chang and Lee \[[@CR2]\] proposed fuzzy least square deviation and least absolute deviation models based on ranking functions. A multiobjective approach was proposed by Sakawa and Yano \[[@CR23]\] by simultaneous consideration of the model fit and fuzziness. Recent methods for fuzzy linear regression have been presented in \[[@CR14], [@CR18], [@CR22]\]. A comprehensive review until year 2019 is provided by Chukhrova and Johannssen \[[@CR6]\].

So far, fuzzy linear regression methods mainly resort to the minimisation of crisp-valued distance functions between fuzzy numbers, either by direct generalisations of known crisp distance functions or by the use of linear ranking functions to defuzzify response observations and model predicted values, and then taking the absolute value of the difference as the distance between the two fuzzy numbers. A simulation study, considering distance functions from both approaches, was conducted in \[[@CR14]\] to determine the best distance function in fuzzy linear regression using Monte Carlo methods. Notably, Voxman \[[@CR26]\] has argued that the distance between two fuzzy numbers should also be a fuzzy number, and proposed a fuzzy-valued distance function. However, to the best of our knowledge, fuzzy-valued distance functions have not been used in fuzzy regression analysis.

In this paper, we seek to evaluate other models and methods for fuzzy linear regression analysis, which do not rely on crisp-valued distance functions. We propose two methods based on FFMOLP for fuzzy linear regression analysis, in which the predictor variables, response variable and regression coefficients are LR-type fuzzy numbers. The proposed methods rely on the lexicographic approach to fully fuzzy linear programming (FFLP) with inequality constraints recently proposed in \[[@CR19]\]. The rest of the paper is organised as follows. Section [1.1](#Sec2){ref-type="sec"} presents some fundamental definitions on LR-type fuzzy numbers. Section [1.2](#Sec3){ref-type="sec"} outlines the lexicographic method \[[@CR19]\] for solving FFLP problems. In Sect. [2](#Sec4){ref-type="sec"}, we formulate the FFLR problem as a FFMOLP problem, and propose two fuzzy scalarisation methods based on classical goal programming to solve it. Section [3](#Sec8){ref-type="sec"} discusses a numerical example. Lastly, Sect. [4](#Sec9){ref-type="sec"} presents the conclusions and remarks for future work.

LR-type Fuzzy Numbers {#Sec2}
---------------------

Dubois and Prade \[[@CR8]\] defined the concept of LR-type fuzzy number and proposed simple formulae for arithmetic operations. In this section, we present some definitions concerning LR-type fuzzy numbers taken from reference \[[@CR8]\].

### Definition 1 {#FPar1}
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### Definition 2 {#FPar2}
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### Definition 3 {#FPar3}
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### Definition 4 {#FPar4}
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### Definition 5 {#FPar5}
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### Definition 6 {#FPar6}
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The reader is referred to \[[@CR15]\] for the definition of the product of unrestricted LR-type fuzzy numbers.

FFLP Problem and Lexicographic Solution Method {#Sec3}
----------------------------------------------

Due to the vast number of practical situations where fuzzy quantities must be compared, ranking fuzzy numbers is still recognised as a fundamental research problem in Fuzzy Sets Theory. Many ranking methodologies have been proposed in the literature \[[@CR29], [@CR30]\]. However, several researchers have noticed that most existing ranking methodologies cannot yield a total order of fuzzy numbers in a strict sense. To resolve this issue, lexicographic ranking criteria have been proposed as an alternative \[[@CR11], [@CR27], [@CR28]\].

The integration of lexicographic ranking criteria into FFLP methods started with \[[@CR12], [@CR13]\] and has been recently investigated in \[[@CR7], [@CR9], [@CR10], [@CR16], [@CR19], [@CR20]\]. In particular, the use of lexicographic ranking criteria for handling fuzzy inequality constraints has been proposed in \[[@CR12], [@CR19], [@CR20]\]. In this section, we present the lexicographic method \[[@CR19]\] for solving FFLP problems with inequality constraints. This method constitutes the basis of the results presented in the following sections.
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Based on the above idea, we may consider the following criterion for ranking LR-type fuzzy numbers.

### Definition 7 {#FPar7}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\le _{lex}$$\end{document}$ denote the lexicographic order relation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathfrak {R}^{3}$$\end{document}$. For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_{1},\tilde{a}_{2}\in \mathcal {F}(\mathfrak {R})$$\end{document}$, the strict inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_{1}\prec \tilde{a}_{2}$$\end{document}$ holds, if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( f_{k}(\tilde{a}_{1})\right) _{k=1,2,3}<_{lex}\left( f_{k}(\tilde{a}_{2})\right) _{k=1,2,3}$$\end{document}$. The weak inequality $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}_{1}\preceq \tilde{a}_{2}$$\end{document}$ holds, if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( f_{k}(\tilde{a}_{1})\right) _{k=1,2,3}<_{lex}\left( f_{k}(\tilde{a}_{2})\right) _{k=1,2,3}$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left( f_{k}(\tilde{a}_{1})\right) _{k=1,2,3}=\left( f_{k}(\tilde{a}_{2})\right) _{k=1,2,3}$$\end{document}$.

It can be shown that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\preceq $$\end{document}$ satisfies the total order properties. That is, for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{b}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}(\mathfrak {R})$$\end{document}$:$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}\preceq \tilde{a}$$\end{document}$ (reflexivity);$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}\preceq \tilde{b}$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{b}\preceq \tilde{a}$$\end{document}$ (comparability);if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}\preceq \tilde{b}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{b}\preceq \tilde{c}$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}\preceq \tilde{c}$$\end{document}$ (transitivity);if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}\preceq \tilde{b}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{b}\preceq \tilde{a}$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{a}=\tilde{b}$$\end{document}$ (anti-symmetry).

Next, we present the lexicographic method proposed in \[[@CR19]\] for solving FFLP problems with equality and inequality constraints.

The FFLP problem can be formulated as follows, where $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar8}

FFLP problem ([1](#Equ1){ref-type=""}) is equivalent to problem ([3](#Equ3){ref-type=""}).

### Proof {#FPar9}
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### Remark 1 {#FPar10}

In order to solve FFLP problem ([1](#Equ1){ref-type=""}), we must choose a lexicographic criterion for ranking LR-type fuzzy numbers. There are several such criteria in the literature (see, e.g., \[[@CR11], [@CR27]\]). Notably, the solution method outlined here is general enough so as to allow a decision-maker to use the criterion that best fits the decision-making problem at hand.

FFLR: Proposed Methods {#Sec4}
======================
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Linear Scalarisation Method {#Sec5}
---------------------------
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Chebyshev Scalarisation Method {#Sec6}
------------------------------
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Steps of the Proposed FFLR Methods {#Sec7}
----------------------------------

The whole procedure can be summarised in the following six steps.
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Numerical Example {#Sec8}
=================

The example in this section is taken from references \[[@CR4], [@CR17], [@CR18]\]. The dataset contains 30 samples, each having four predictor variables and one response variable (see Table [1](#Tab1){ref-type="table"}). It is a real-life dataset comprising triangular fuzzy numbers used to subjectively evaluate employee's performance according to work quality, inability to endure job stress, frequency of delays, and communication and coordination ability. As part of the solution procedure from Sect. [2.3](#Sec7){ref-type="sec"}, the functions $\documentclass[12pt]{minimal}
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We applied the proposed methods and obtained the following two models. The estimated responses of both models are shown in Table [2](#Tab2){ref-type="table"}.$$\documentclass[12pt]{minimal}
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Concluding Remarks {#Sec9}
==================

In this paper, we proposed two methods for FFLR analysis. Contrary to existing methodologies that use crisp-valued distance functions, we formulated the FFLR problem as a FFMOLP problem. Fuzzy linear and Chebyshev scalarisations were proposed to solve the FFMOLP problem using a lexicographic method for FFLP.

The proposed methods were compared with a recently published method and showed promising results. In a future work, we plan to conduct an extensive simulation study and consider real-world applications to gain more insights into the performance of the proposed methods. In addition, the use of fuzzy-valued distance functions for FFLR analysis will be investigated.
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